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Study maxima and minima of f(x, y) = 2x + y subject to constraint
x1/4y3/4 = 1, x > 0, y > 0
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Study maxima and minima of f(x, y) = 2x + y subject to constraint
x1/4y3/4 = 1, x > 0, y > 0
Critical point equations 
2− my
3/4
4x3/4
= 0
1− 3mx
1/4
4y1/4
= 0
x1/4y3/4 = 1
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Study maxima and minima of f(x, y) = 2x + y subject to constraint
x1/4y3/4 = 1, x > 0, y > 0
Critical point equations 
2− my
3/4
4x3/4
= 0
1− 3mx
1/4
4y1/4
= 0
x1/4y3/4 = 1
Divide the first two equations obtaining6 =
y
x
x1/4y3/4 = 1
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Conclusion x = 6−3/4, y = 61/4, m =
4× 21/4
33/4
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Conclusion x = 6−3/4, y = 61/4, m =
4× 21/4
33/4
Bordered Hessian
Λ =

3my3/4
16x7/4
− 3m
16x3/4y1/4
y3/4
4x3/4
− 3m
16x3/4y1/4
3mx1/4
16y5/4
3x1/4
4y1/4
y3/4
4x3/4
3x1/4
4y1/4
0

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Substituting critical point
Λ =

3×33/4
4
√
2
− 33/4
2 4
√
2
33/4
2 4
√
2
− 33/4
2 4
√
2
1
4 4
√
6
33/4
4 4
√
2
33/4
2 4
√
2
33/4
4 4
√
2
0

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Substituting critical point
Λ =

3×33/4
4
√
2
− 33/4
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√
2
33/4
2 4
√
2
− 33/4
2 4
√
2
1
4 4
√
6
33/4
4 4
√
2
33/4
2 4
√
2
33/4
4 4
√
2
0

Then det Λ = −3
4
√
3
23/4
thus we have a minimum
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Find the distance between the point (2, 2) and the circumference
x2 + y2 = 1
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Find the distance between the point (2, 2) and the circumference
x2 + y2 = 1
L(x, y,m) = (x− 2)2 + (y − 2)2 −m (x2 + y2 − 1)
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Find the distance between the point (2, 2) and the circumference
x2 + y2 = 1
L(x, y,m) = (x− 2)2 + (y − 2)2 −m (x2 + y2 − 1)
Critical point system
2(x− 2)− 2mx = 0
2(y − 2)− 2my = 0
x2 + y2 = 1
=⇒

(1−m)x = 2
(1−m)y = 2
x2 + y2 = 1
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Solving we get (
2
1−m
)2
+
(
2
1−m
)2
= 1
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Solving we get (
2
1−m
)2
+
(
2
1−m
)2
= 1
thus x =
1√
2
, y =
1√
2
, m = 1− 2√2 and x = − 1√
2
, y = − 1√
2
, m =
1 + 2
√
2
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Solving we get (
2
1−m
)2
+
(
2
1−m
)2
= 1
thus x =
1√
2
, y =
1√
2
, m = 1− 2√2 and x = − 1√
2
, y = − 1√
2
, m =
1 + 2
√
2
Bordered Hessian Λ =

2− 2m 0 2x
0 2− 2m 2y
2x 2y 0

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For x =
1√
2
, y =
1√
2
, m = 1− 2√2 we then get
Λ =

4
√
2 0
√
2
0 4
√
2
√
2
√
2
√
2 0

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For x =
1√
2
, y =
1√
2
, m = 1− 2√2 we then get
Λ =

4
√
2 0
√
2
0 4
√
2
√
2
√
2
√
2 0

So that det Λ = −16√2 minimum
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The other critical point give rise to
Λ =

−4√2 0 −√2
0 −4√2 −√2
−√2 −√2 0

here det Λ = 16
√
2 maximum
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y
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Determinare la minima distanza dall’origine del luogo dei punti di
equazione w(x, y) = 0
1. w(x, y) = 3x+ 5y − 7
2. w(x, y) = y − x2 + 2x− 179 a
3. w(x, y) = x2 + 8xy + 7y2 − 225
4. w(x, y) = x2 + xy + 3y2 − 36
a9m3 + 2m2 − 23m− 34 = (m− 2) (9m2 + 20m+ 17)
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Ordinary Differential Equations
A differential equation is an equation that defines a relationship be-
tween a function and one or more derivatives of that function.
11/19 Pi?
22333ML232
Ordinary Differential Equations
A differential equation is an equation that defines a relationship be-
tween a function and one or more derivatives of that function.
For instance let y = y(x) be some function of the independent variable
x. The equation
dy
dx
(x) := y′(x) = 2xy(x) (1)
states that the first derivative of the function y equals the product of
2x and the function y itself. An additional, implicit statement in this
differential equation is that the stated relationship holds only for all
x for which both the function and its first derivative are defined
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Given f : Ω ⊂ R2 → Ry′(x) = f(x, y(x)), x ∈ Iy(x0) = y0, x0 ∈ I, y0 ∈ J
where I×J ⊆ Ω is called initial value problem We say that differential
equations are studied by quantitative or exact methods when they can
be solved completely, i.e. all the solutions are known and could be
written in closed form in terms of elementary functions or sometime
special functions (or inverses of these type of functions).
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Existence: Peano’s Theorem
If f(x, y) is continuous on R = [x0 − a, x0 + a]× [y0 − b, y0 + b], then
the initial value problemy′(x) = f(x, y(x))y(x0) = y0
has a solution in a neighborhood of x0
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Solution needs not to be unique.
Consider the initial value problemy′(x) = 2
√|y(x)|
y(0) = 0
(p)
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Solution needs not to be unique.
Consider the initial value problemy′(x) = 2
√|y(x)|
y(0) = 0
(p)
y(x) = 0 solves (p)
y(x) = x|x| solves (p)
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Moreover for each pair of real numbers α < 0 < β
ϕα, β(x) =

−(x− α)2 if x < α
0 if α ≤ x ≤ β
(x− β)2 if x > β
solves (p)
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Existence and uniqueness: Picard Lindelho¨f Theorem Let the
function f(x, y) continuous on a rectangle R = [x0− a, x0 + a]× [y0−
b, y0 + b]. Suppose, furthermore, that for any y1, y2 ∈ [y0 − b, y0 + b]
there exists L > 0 such that
|f(x, y1)− f(x, y2)| ≤ L |y1 − y2| (L)
for each x ∈ [a, b]. Then the initial value problemy′(x) = f(x, y(x))y(x0) = y0 (ivp)
has a unique solution defined in [x0−δ, x0+δ] where δ = min{a, b/M}
being M := max
(x,y)∈R
|f(x, y)|
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Condition (L) is said Lipschitz continuity condition. A sufficient con-
dition to ensure that a function f(x, y) is Lipschitz continuos is that
it admits partial derivative with respect to y which is bounded and
continuos.
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Condition (L) is said Lipschitz continuity condition. A sufficient con-
dition to ensure that a function f(x, y) is Lipschitz continuos is that
it admits partial derivative with respect to y which is bounded and
continuos.
In fact assume |fy(x, y)| =
∣∣∣∣∂f∂y (x, y)
∣∣∣∣ ≤ L then from the mean value
(Lagrange) theorem
|f(x, y1)− f(x, y2)| = |fy(x, y)| |y1 − y2|
with y between y1 and y2
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Separable equations A differential equation is separable if it can be
written in the form y′(x) = a(x) b (y(x)) ,y(x0) = y0, (S)
where a(x) e b(y) are continuous functions defined on intervals Ia and
Ib such that x0 ∈ Ia and y0 ∈ Ib
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Separable equations A differential equation is separable if it can be
written in the form y′(x) = a(x) b (y(x)) ,y(x0) = y0, (S)
where a(x) e b(y) are continuous functions defined on intervals Ia and
Ib such that x0 ∈ Ia and y0 ∈ Ib
In order to obtain existence and uniqueness for solution to (S) we
assume that b(y0) 6= 0
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Theorem
Function y(x) defined, implicitely by:∫ y
y0
dz
b(z)
=
∫ x
x0
a(s) ds (R)
is the unique solution to (S)
